We present a model of neutrino mixing based on the flavour group ∆(27) in order to account for the observation of a non-zero reactor mixing angle (θ 13 ). The model provides a common flavour structure for the charged-lepton and the neutrino sectors, giving their mass matrices a 'circulant-plus-diagonal' form. Mass matrices of this form readily lead to mixing patterns with realistic deviations from tribimaximal mixing, including non-zero θ 13 . With the parameters constrained by existing measurements, our model predicts an inverted neutrino mass hierarchy. We obtain two distinct sets of solutions in which the atmospheric mixing angle lies in the first and the second octants. The first (second) octant solution predicts the lightest neutrino mass, m 3 ∼ 29 meV (m 3 ∼ 65 meV) and the CP phase,
Introduction
The phenomenon of neutrino oscillations is characterised by two large mixing angles, the solar angle (tan 2 θ 12 = 0.47 +0.06 −0.05 1 ) and the atmospheric angle (sin 2 2θ 23 > 0.92 2 ), together with the relatively small reactor mixing angle, θ 13 . The tribimaximal mixing (TBM) scheme, 3 having tan 2 θ 12 = 1 2
and sin 2 2θ 23 = 1, has proved a useful approximation to the data and a substantive stimulus for model building. In TBM, θ 13 is zero and the CP phase (δ CP ) is consequently undefined. However, in 2012 the Daya Bay Reactor Neutrino Experiment 4, 5 (sin 2 2θ 13 = 0.089 ± 0.010 ± 0.005) and RENO Experiment 6 (sin 2 2θ 13 = 0.113 ± 0.013 ± 0.019) showed that θ 13 9 o . T2K, 7 Double Chooz 8 and MINOS 9 experiments also measured consistent non-zero values for θ 13 . Numerous models based on discrete flavour symmetries 10 like S 3 , S 4 , A 4 etc. have been proposed to obtain TBM or approximations to it. In any specific model, higher-order corrections to TBM can be evaluated in a systematic manner given the flavour symmetries involved and the field content. In general, all three mixing angles receive corrections of the same order of magnitude. 11 Given that the experimentally allowed deviation of θ 12 from its TBM value is much smaller than the measured value of θ 13 , generating both using higher order corrections is not easy, and has been achieved only in special cases. 12, 13 In this paper we construct instead a model which directly gives a modified TBM consistent with recent observations. In many models, Yukawa matrices leading to TBM are constructed in a basis in which either the charged-lepton Yukawa matrix or the neutrino Yukawa matrix is diagonal. In contrast, when it was originally proposed, 3 TBM was constructed as the product of a trimaximal matrix (with all the eigenstates trimaximally mixed) and a 2×2 maximal matrix (with ν 1 and ν 3 eigenstates bimaximally mixed). In that scenario, the charged-lepton Yukawa matrix is assumed to be 3 × 3 circulant,
where p is real and q is complex. For a 3 × 3 circulant matrix, the diagonalising matrix is trimaximal.
On the other hand, the neutrino Yukawa matrix is assumed to have the form,
where x, y and z are real parameters. Such a matrix, which features an embedded 2 × 2 circulant, leads to the 2 × 2 maximal diagonalising matrix.
In the Standard Model, the charged-lepton Yukawa matrix couples the left-handed and the right-handed charged-lepton fields. Similarly, in a minimal extension of the Standard Model, we may construct the Yukawa matrix in the neutrino sector by coupling the left-handed and the right-handed neutrino fields. Here we adopt such a construction which leads to the so called Dirac neutrinos. Moreover, in our model, both the charged-lepton and the neutrino sectors are assumed to have the same flavour structure, i.e. both the Yukawa matrices have the same form. We propose that the Yukawa matrices (Y ) comprise the sum of a circulant and a diagonal part (hence 'circulant-plusdiagonal'):
We assume Y to be Hermitian, i.e. a, δ, are real and b is complex. We remark that pure circulant (δ = = 0) and pure diagonal (b = 0) Yukawa matrices allow the construction of the two extremes of the mixing spectrum, namely trimaximal mixing and no mixing respectively. The charged-lepton Yukawa matrix (Y l ) and the neutrino Yukawa matrix (Y ν ) of the form, Eq. (3), are modelled using the parameters a l , b l δ l , l and a ν , b ν δ ν , ν respectively. In the following discussion we consider only the traceless part of the matrix in Eq. (3), since the part proportional to the identity (aI) does not affect the diagonalising matrix and thus does not affect the mixing. In the case of the charged leptons, we impose the condition: 
The mass term will remain invariant under the transformation if Y is a circulant matrix because
The regular representation of C 3 can be diagonalised using the trimaximal mixing matrix, T
where
The diagonal matrix d comprises the irreducible representations of C 3 ; (ω,ω, 1), where
Trivially, if the Yukawa matrix is diagonal, then
To build a model with circulant-plus-diagonal Yukawa matrices, Eq. (3), it is then natural to use the discrete group having c and d as generators and the group thus obtained is C 3 × C 3 C 3 . This group, also known as ∆(27), has been used extensively in model building in earlier studies.
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C 3 ×C 3 C 3 is a 27 element group comprising 11 conjugacy classes whereby we have 11 irreducible representations. Two of those are the defining representation 3 and its conjugate representation3. The remaining nine representations are 1-dimensional, comprising the trivial representation and 8 others which transform variously under C 3 × C 3 C 3 like the irreducible representations of C 3 . The character table and the decomposition of tensor products of irreducible representations can be found in Ref. 16 . 
Representation Expression
The tensor product of3 and 3 gives all the nine 1-dimensional representations. Here we briefly discuss the ones that are relevant to us.
remain invariant under the action of the generator c and they transform as the irreducible representations of C 3 under the generator d. Analogously we also have
The complete set of singlets obtained from the tensor product of3 and 3 are given in Table 1 .
The Flavour Model
We construct the present model in a Standard Model framework with Dirac neutrinos, although it can of course be readily extended to a beyond the Standard Model theory having Dirac neutrinos. We assume that the left-handed doublets (L e , L µ , L τ ) and the right-handed charged leptons (e R , µ R , τ R ) belong to the representation 3. Using the3 (L
where H is the Standard Model Higgs doublet, a l , y lc , y ld are dimensionless real constants and Λ is the cut-off scale. For the neutrinos we assume a similar Dirac mass term with right-handed neutrino fields (ν eR , ν µR , ν τ R ) replacing the right-handed charged-lepton fields (e R , µ R , τ R ) and iσ 2 H * replacing H where iσ 2 is the 2 × 2 antisymmetric matrix. We also have the neutrino flavons φ νc , φ νd and the real constants a ν , y νc , y νd defined for the neutrinos.
The flavons acquire vacuum expectation values which spontaneously break the flavour symmetry and generate the observed fermion Yukawa matrices. The mass term for the charged-leptons, Eq. (12) Deviations from TBM using a Model with ∆(27) Symmetry 5 results in 
Similarly, using the parameters a ν , y νc , y νd , θ νc , θ νd , we generate a circulant-plus-diagonal Yukawa matrix (Y ν ) for the neutrinos as well.
To ensure that the Yukawa matrices have the circulant-plus-diagonal hermitian form, Eq. (3), the coupling constants (a l , y lc , y ld in the charged-lepton Yukawa term, Eq. (12), and a ν , y νc , y νd in the corresponding neutrino Yukawa term) need to be real. These constants being real implies an extra symmetry: the Yukawa terms are invariant under the conjugation of the fermion and the flavon fields. Note that we still obtain complex Yukawa matrices because the flavons acquire complex VEVs through spontaneous symmetry breaking.
For the flavons φ lc , φ ld , φ νc and φ νd , we introduce a potential V = k=lc, ld, νc, νd
where v is real, α << 1. This potential is invariant under the transformation φ k → e i 2π 3 n φ k , n being an integer. Note that, under the flavour group ∆(27), the flavons transform as the irreducible representations of C 3 , i.e. φ k → e 3 ) as shown in Figure 1 . The potential is also invariant under the permutation of the index k. In other words, the potential "looks" the same in relation to all four flavons. This extra permutation symmetry makes the parameter ve iα common to all flavons and the angle α appears in the phases of their VEVs i.e. θ k = 2π 3 n k + α where k = lc, ld, νc, νd and n k are integers. This construction reduces the number of free parameters and renders the model predictive, but even so, it can fit the data, as we see below. The parameter v, meanwhile, being common to all the flavons, is irrelevant phenomenologocally because we always have real free parameters (y k ) appearing alongside the flavons (φ k ), Eq. (12) .
It should be noted that we have not attempted the construction of the most general potential utilising all possible invariant terms. The potential given in Eq. (16) merely demonstrates the symmetries involved. In fact, any function of the flavons which satisfies ∆(27) flavour symmetry as well as the earlier mentioned permutation symmetry and which is bounded from below, is a suitable candidate for the potential. Such a function will have a set of minima which correspond to all flavons having three complex values separated by a phase of and ve
A small but non-zero α, along with the integer n lc = 0 is a necessary condition to obtain the relation Im(b l ) << |b l | as given in Eq. (4) . Similarly, for the case of the neutrinos, the smallness of α ensures Im(b ν ) << |b ν |, as given in Eq. (5) . A small α also leads to the condition << δ, Eq. (5), since α → 0 makes two diagonal elements equal. Clearly the extreme limit y ld y lc << α << y νc y νd << 1 (17) leads to TBM a . The fact that Eq. (17) results in a mixing close to TBM can also be varified numerically. The deviations from this limiting TBM mixing are calculable, in principle, in terms of the "small" numbers, . Overall, the model has 7 independent parameters, a l , y lc , y ld , a ν , y νc , y νd and α, which determine 10 observables. This constrains the parameter space of the masses and the mixing observables. In the next section we fit these parameters to the 7 experimentally measured observables (three charged-lepton masses, two neutrino mass-squared differences and the solar and the reactor mixing angles). We obtain solutions for the atmospheric mixing angle in both the first and the second octants and make predictions for the observables yet to be measured (the lightest neutrino mass and the CP phase).
Fitting the model to experimental data
We use the masses of the charged leptons and the mass-squared differences of the neutrinos, renormalised at 1 TeV, from Ref. 
Since the mass ratios change only very slowly under renormalisation evolution, 22 the fit will remain valid not only at 1 TeV, but also at the unknown scale Λ, provided that lies within a few orders of magnitude of 1 TeV. After fixing the charged-lepton masses and the neutrino mass-squared differences as above (5 observables), the charged-lepton and neutrino mass matrices (7 parameters) were 
These data are compared with the values extracted from the Monte Carlo generated PMNS matrices using a χ 2 goodness of fit variable:
where σ expt is the experimental error on sin 2 θ.
The results of the χ 2 analysis are shown in Fig. 2 and Fig. 3 . With its parameters thus determined by the values of the observables given in Eqs. (18) and (20), our model predicts two sets of solutions corresponding to the octant degeneracy of the atmospheric mixing angle. A part of the second octant solution is excluded by the recent measurement of the sum of the neutrino masses, i m νi < 0.23 eV, by the Planck satellite. 24 Among the 10 observables (6 masses and 4 mixing observables), the lightest neutrino mass (or, equivalently, the overall neutrino mass offset) and the CP -violating phase, δ CP , are largely unknown. So the model is used to predict these quantities. We note that our numerical analysis does not give an acceptable χ 2 for any normal hierarchy, whereby an inverted hierarchy can be said to be a prediction of our model, given the measured observables.
In the first octant, the best fit 
Conclusion
In general, models that produce TBM can explain only a small non-zero reactor angle (θ 13 ) by introducing higher order corrections. In this paper we show that Yukawa matrices containing circulant and diagonal parts are well-adapted for constructing neutrino mixing patterns with potentially large deviations from TBM. The discrete group ∆(27) constructed using circulant (Eq. 7) and diagonal (Eq. 10) generators is a natural choice to construct such circulant-plus-diagonal Yukawa matrices. The potential term of the flavons has been assumed to have an extra permutation symmetry and this leads to a 7-parameter model. We have used this model to fit present neutrino oscillation data, including the non-zero reactor angle. Once constrained by these measurements, our model predicts a neutrino mass spectrum of the inverted hierarchy (m It should be noted that, unlike the vast majority of flavour models in the literature, here we use only singlet flavons to obtain the desired mixing pattern.
Deviations from TBM using a Model with ∆(27) Symmetry 9
We have checked that the given CP phases are not a generic prediction arising from the structure of the model itself. Rather, the value of δ CP depends on several of the parameters and these are constrained here by the measured values of other observables. In fact δ CP is strongly correlated with θ 13 and comes out close to the limiting values of π 2 and − π 4 when θ 13 becomes relatively large, θ 13 > ∼ 0.1. This offers the potential for large observable CP -violating asymmetries in future neutrino oscillation experiments, with Jarlskog's CP -violating invariant, J, assuming close to 40% and 25% of its theoretical maximum value.
